Introduction {#Sec1}
============

Many phenomena in the physical and social sciences feature a *compartmental structure*, in which the total quantities characterizing a system of interest may be decomposed into two (or more) species that are distributed into (two or more) homogeneous units called compartments. As the system evolves in time, the relative distribution of species across the compartments changes, as different physical conditions alter the species state in each compartment and induce species migration from one compartment to another. Compartmental models have been used extensively in biological, ecological, and chemical applications. Notable examples include the *susceptible-infected-recovered* (SIR) models and their variants for epidemic modeling \[[@CR1]--[@CR3]\], the Lotka--Volterra models for predator-prey dynamics \[[@CR1], [@CR4], [@CR5]\], pharmacokinetic models used extensively in pharmacology \[[@CR6]\], and demographic and migration models found in sociology and demography \[[@CR7]--[@CR9]\].

The majority of compartmental models encountered in the literature consist of systems of ordinary differential equations (ODEs). These models, while simple to formulate, analyze, and solve numerically, are limited in their ability to describe dynamics in both space and time. A common strategy to introduce spatial variation into such ODE models is by defining regional compartments corresponding to different areas in physical space, with coupling terms added to the model equations to account for the movement of species among the different regions \[[@CR10]--[@CR13]\]. This approach was recently employed in \[[@CR14], [@CR15]\] to model the spread of COVID-19 among the different administrative regions in Italy. While this approach may be effective for some applications, description of complex spatial dynamics within compartments is difficult and possibly even non-feasible in this framework.

In contrast, compartmental models based on partial differential equations (PDEs) incorporate spatial information more naturally. Specifically, PDE models allow for a space-continuous description of the relevant dynamics, enabling one to describe dynamics in time and space across all scales. This represents a significant advantage over ODE models, whose ability to describe spatial information is limited by the number of spatial compartments one includes. Examples of compartmental models based on PDEs can be found in \[[@CR16]--[@CR21]\]. Likely owing to their apparent increased mathematical complexity and more significant computational burden, compartmental PDE models are less common and, to the authors' knowledge, a systematic study of compartmental PDE models in a general setting has not been performed.

The present work has two primary goals. First, we aim at formalizing PDE compartmental models in a general framework more familiar to continuum mechanics. Accordingly, we reinterpret such models as fundamental equations of balance and compatibility, with the relationship between the balance and compatibility equations defined by a constitutive relation. We believe that such a framework may be useful to researchers seeking to better understand general compartmental models, and may ultimately help facilitate interdisciplinary collaboration. Our second goal is to improve our understanding of a specific compartmental PDE model, which describes the spatiotemporal spread of COVID-19, and has demonstrated good agreement with the measured data \[[@CR22]\], from the physical, mathematical, and numerical points of view. As the reinterpretation of the COVID-19 model within the continuum mechanics framework plays a significant role in this study, the stated goals are complementary.

The current work is organized as follows. We begin by introducing compartmental PDE models within the continuum mechanics framework in Sect. [2](#Sec2){ref-type="sec"}. As a preliminary example to aid understanding, we derive a simple two-compartment Lotka--Volterra-type model within this setting. In Sect. [3](#Sec4){ref-type="sec"} we turn our attention to the COVID-19 model discussed in \[[@CR22]\], beginning with its derivation within the newly-introduced notational system from continuum mechanics. We analyze the model mathematically and establish its formal sensitivity to diffusivity and its stability in the $\documentclass[12pt]{minimal}
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                \begin{document}$$L^1$$\end{document}$ norm. We also use an ODE variant of the model, which does not incorporate diffusion, to define a basic viral reproduction number $\documentclass[12pt]{minimal}
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                \begin{document}$$R_0$$\end{document}$, which is extensively used as an epidemiological indicator of infectious disease spread. A brief spectral analysis is also performed on the ODE variant. Then, Sect. [4](#Sec11){ref-type="sec"} presents a series of numerical simulations in 1D and 2D to examine different aspects of the COVID-19 model behavior. In 1D, we seek to observe how changes to the spatial and temporal discretization affect the model's numerical solution. In 2D, we analyze how changes in diffusion affect the physical behavior of the model. For both the 1D and 2D problems, we evaluate the effectiveness of the ODE-derived $\documentclass[12pt]{minimal}
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                \begin{document}$$R_0$$\end{document}$ as a predictor of model behavior, demonstrating the significance of spatial diffusion on modeled viral reproduction. We conclude by summarizing the presented results and suggesting directions for future research in Sect. [5](#Sec19){ref-type="sec"}.

General formulation of compartmental models in a continuum mechanics framework {#Sec2}
==============================================================================

We consider a system which may be decomposed into *N* distinct species: $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$u_1(\varvec{x},t),\,u_2(\varvec{x},t),...,u_N(\varvec{x},t)$$\end{document}$. Each $\documentclass[12pt]{minimal}
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                \begin{document}$$u_i$$\end{document}$ is a function describing the spatiotemporal distribution of the given species with spatial variable $\documentclass[12pt]{minimal}
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                \begin{document}$$\varvec{x}$$\end{document}$ and time variable *t*. It is often the case that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sum _{i} u_i$$\end{document}$ has a natural interpretation: for example, the $\documentclass[12pt]{minimal}
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                \begin{document}$$u_i$$\end{document}$ may represent well-defined subgroups of a given population, with their sum then yielding the total population. However, this does not always hold. For instance, the $\documentclass[12pt]{minimal}
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                \begin{document}$$u_i$$\end{document}$ may describe the populations of different animal species, rendering their summation physically meaningless without additional normalization. It is always the case, however, that the $\documentclass[12pt]{minimal}
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                \begin{document}$$u_i$$\end{document}$ are the fundamental quantities of interest describing the system dynamics, and change in response to some or all of the other species in the model.
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                \begin{document}$$u_i$$\end{document}$ in a vector $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbb {R}^d$$\end{document}$ such that $\documentclass[12pt]{minimal}
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                \begin{document}$$\varvec{u}=[u_1(\varvec{x},t),\,u_2(\varvec{x},t),\ldots ,u_n(\varvec{x},t)]^T$$\end{document}$. Rather than using the more traditional notation found in mathematical and biological references, we opt here for a general notational convention more common to continuum mechanics. Hence, over a spatial domain $\documentclass[12pt]{minimal}
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                \begin{document}$$[t_0,\,t_{end}]$$\end{document}$ our equations read:$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \partial _t \varvec{u} - \nabla \cdot \varvec{F} + \varvec{b}&= \varvec{0} \end{aligned}$$\end{document}$$$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \varvec{\varepsilon }&= \nabla \varvec{u} \end{aligned}$$\end{document}$$$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \varvec{F}&= \varvec{F}(\varvec{u},\varvec{\varepsilon }) \end{aligned}$$\end{document}$$$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \varvec{b}&= \varvec{b}(\varvec{u}), \end{aligned}$$\end{document}$$plus appropriate initial and boundary conditions. In the system above, Eq. ([1](#Equ1){ref-type=""}) represents a force balance in terms of an internal force $\documentclass[12pt]{minimal}
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                \begin{document}$$\varvec{F}$$\end{document}$, which is thermodynamically conjugate to $\documentclass[12pt]{minimal}
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                \begin{document}$$\varvec{u}$$\end{document}$, and an externally applied force $\documentclass[12pt]{minimal}
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                \begin{document}$$\varvec{b}$$\end{document}$. Physically, we may interpret $\documentclass[12pt]{minimal}
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                \begin{document}$$\varvec{F}$$\end{document}$ as describing the changes in the extensive properties of a given species. Eq. ([2](#Equ2){ref-type=""}) represents the compatibility equation in terms of species $\documentclass[12pt]{minimal}
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                \begin{document}$$\varvec{\varepsilon }$$\end{document}$. Physically, we may interpret $\documentclass[12pt]{minimal}
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                \begin{document}$$\varvec{\varepsilon }$$\end{document}$ as the specie gradient in space. Then, the relationship between the balance and compatibility equations is defined by the constitutive relation Eq. ([3](#Equ3){ref-type=""}).

The role of the externally applied forces defined in Eq. ([4](#Equ4){ref-type=""}) is fundamental in compartmental models, and warrants some additional discussion. As these forces depend on the unknown variable $\documentclass[12pt]{minimal}
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                \begin{document}$$\varvec{u}$$\end{document}$, often in a nontrivial way, their description as 'externally applied' may initially seem inconsistent. To understand why such an interpretation is well-motivated, we recall that Eqs. ([1](#Equ1){ref-type=""})--([4](#Equ4){ref-type=""}) describe *N* different species and their relative distribution in time and space. A species $\documentclass[12pt]{minimal}
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                \begin{document}$$u_a$$\end{document}$ may therefore act on a different species $\documentclass[12pt]{minimal}
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                \begin{document}$$u_b$$\end{document}$ this represents an external force. These intra-species interactions are described by $\documentclass[12pt]{minimal}
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                \begin{document}$$\varvec{b}$$\end{document}$ in Eqs. ([1](#Equ1){ref-type=""}) and ([4](#Equ4){ref-type=""}). We note additionally that $\documentclass[12pt]{minimal}
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                \begin{document}$$\varvec{u}$$\end{document}$. Often, these terms are referred to in the literature as 'reaction terms' \[[@CR17]\]. We consider Eqs. ([1](#Equ1){ref-type=""})--([2](#Equ2){ref-type=""}) to be fundamental and fixed; i.e., any PDE compartmental model will share these equations. The relations in Eqs. ([3](#Equ3){ref-type=""})--([4](#Equ4){ref-type=""}) thus define the specific behavior of a given model.

Example: two-compartment Lotka--Volterra-type model {#Sec3}
---------------------------------------------------

We illustrate the continuum mechanics framework presented above by first considering a two-compartment *Lotka--Volterra* model, also known as the *predator-prey equations*. This model describes the interaction between two animal populations, predator and prey, in time and space \[[@CR5]\]. Let $\documentclass[12pt]{minimal}
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                \begin{document}$$r(\varvec{x} ,t)$$\end{document}$ represents a population of *rabbits* (prey) and $\documentclass[12pt]{minimal}
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                \begin{document}$$w(\varvec{x} ,t)$$\end{document}$ a population of *wolves*.[1](#Fn1){ref-type="fn"} For ease of dimensional analysis, we denote characteristic population, length and time scales as *P*, *L* and *T*. Our model assumptions are: The movement of both rabbits and wolves exhibit no spatial preference and are independent of each other;The food supply for the rabbits is sufficiently plentiful such that it does not depend on rabbit population (in biological terminology, we say there is no *intraspecific competition* \[[@CR5]\]) ;The wolves have no sources of food other than rabbits;The mortality rate of the wolves, as well as the non-predation mortality rate of the rabbits, does not depend on population size.As the compatibility equation Eq. ([2](#Equ2){ref-type=""}) describes the change in a population resulting from its movement in space, with our constitutive relation Eq. ([3](#Equ3){ref-type=""}) we therefore seek to describe the natural tendency for a given population to move. This tendency to move (or resist movement) can be seen as internal forces that regulate the rate at which movement occurs. Specifically, the source of such forces in the current setting may be the level of exertion required for a member of a population to move a certain distance. Therefore, we consider the following definition for the constitutive relation:[2](#Fn2){ref-type="fn"}$$\documentclass[12pt]{minimal}
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                \begin{document}$${\overline{\nu }}_w$$\end{document}$ is to indicate that these are constant, scalar quantities, a convention we will use throughout the present work. The constitutive relation Eqs. ([5](#Equ5){ref-type=""})--([6](#Equ6){ref-type=""}) can also be seen as arising from the limit of a probabilistic random walk \[[@CR23]\]. That $\documentclass[12pt]{minimal}
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                \begin{document}$${\overline{\nu }}_w$$\end{document}$ are scalars (and not tensors, as may be the case in general) results from assumption 1, which implies that movement exhibits no directional preference \[[@CR23]\].

We now define the external forces $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \begin{document}$${\overline{\alpha }}_r > 0$$\end{document}$ is the *reproduction rate* of the rabbits and has units $\documentclass[12pt]{minimal}
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Assumption 3, however, implies that the reproduction rate of wolves *is* naturally limited by the size of the rabbit population. Accordingly:$$\documentclass[12pt]{minimal}
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                \begin{document}$$\gamma $$\end{document}$ is the *predation rate* and depends on *w*. We again assume this function to be linear in *w*, giving:$$\documentclass[12pt]{minimal}
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Assumption 4 simply states that the mortality of wolves and the mortality of rabbits has no dependence on the population size of either species. Mathematically, we may write this as :$$\documentclass[12pt]{minimal}
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Spatiotemporal model of COVID-19 infection spread {#Sec4}
=================================================

We now discuss the COVID-19 model proposed by Viguerie et al. in \[[@CR22]\]. We consider a population *p* of individuals divided into compartments corresponding to disease status, modeling the movement in space and time of the subpopulation in each compartment. Specifically, these compartments are the *susceptible* population *s*, the *exposed* population *e*, the *infected* population *i*, the *recovered* population *r*, and the *deceased* population *d*. Note that *d* refers only to deaths due to COVID-19. We denote the living population pool as $\documentclass[12pt]{minimal}
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Model derivation and explanation {#Sec5}
--------------------------------

Following the example of the Lotka--Volterra-type model shown in Sect. [2.1](#Sec3){ref-type="sec"}, we begin by making several model assumptions: Movement is proportional to population size; i.e., more movement occurs within heavily populated regions;No movement occurs among the deceased population;There is a latency period between exposure and the development of symptoms;The probability of contagion increases with population size;Some portion of exposed persons never develop symptoms, and move directly from the exposed compartment to the recovered compartment (asymptomatic cases);Both asymptomatic and symptomatic patients are capable of spreading the disease;All living persons are capable of reproduction (the population is not age-structured);The non-COVID-19 mortality rate is independent of the population compartment;New births are susceptible to the virus.As in the Lotka--Volterra model, the compatibility equation describes the changes in a population due to movement, and the constitutive relation will describe the natural extent to which a given population moves. Assumption 1 above implies that such movement is proportional to the living population size *n*, while assumption 2 sets the movement of the deceased population to zero. Therefore, the constitutive relation for this model is given by:$$\documentclass[12pt]{minimal}
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                \begin{document}$$^{-1}$$\end{document}$. This reflects the population-dependent movement rate implied by our assumption 1. Another way to interpret Eqs. ([18](#Equ18){ref-type=""})--([19](#Equ19){ref-type=""}) above is as a heterogeneous diffusion process, where the amount of diffusion is proportional to population size.

Having quantified the internal forces with the constitutive relation, we now focus on the external forces. Assumption 3 implies that *all* persons who come into contact with the virus first move to the exposed compartment *e* from the susceptible compartment *s*:$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \begin{aligned} \partial _t e \propto -\partial _t s. \end{aligned}\end{aligned}$$\end{document}$$However, assumption 6 implies that this contact could come from both patients showing symptoms (infected population *i*) or patients not showing symptoms (exposed population *e*), and from assumption 4 we conclude that such contact must depend on population size *n*. Therefore,Color-coding has been introduced for ease of understanding, to clearly demonstrate that any addition to compartment *e* must be accompanied by an equal subtraction from compartment *s*. We further assume the functions and to be linear in *e* and *i* respectively:Parameters and are called the *contact rates* (units $\documentclass[12pt]{minimal}
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From assumption 3 we know that some portion of the exposed population *e* will become symptomatic after a latency period, and hence move to the infected compartment *i*:where is a parameter corresponding to the latency (or *incubation* period) with units $\documentclass[12pt]{minimal}
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                \begin{document}$$T^{-1}$$\end{document}$. In Eqs. ([27](#Equ27){ref-type=""})--([30](#Equ30){ref-type=""}), we see again that subtraction from one compartment is coupled with an equal addition to another.

Some portion of infected patients will recover, leading to movement into the recovered compartment *r*:while others will die, moving into the the deceased compartment *d*:Parameters and are the *symptomatic recovery rate* and *disease mortality rate* respectively, both with units $\documentclass[12pt]{minimal}
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                \begin{document}$$T^{-1}$$\end{document}$. Similar terms appear in the exposed, infected, and recovered compartments as well. The terms in Eqs. ([35](#Equ35){ref-type=""}) and ([36](#Equ36){ref-type=""}) are not color-coded because they are not accompanied by a corresponding term of opposite sign in a different compartment.

Finally, Eqs. ([25](#Equ25){ref-type=""})--([36](#Equ36){ref-type=""}) allow us to define the external forces for this model asWe note that the signs in $\documentclass[12pt]{minimal}
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Additionally, the standard formulation of the COVID-19 model in mathematical biology would be :

Mathematical analysis {#Sec6}
---------------------

In this section, we examine four results: the sensitivity equations for the diffusion, the nature of the equilibria of the non-diffusive (space-independent) system, the growth/decay behavior of the total population *n* and the resulting stability in the $\documentclass[12pt]{minimal}
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### Sensitivity equations for the diffusion {#Sec7}

A fundamental difference between a PDE model such as Eqs. ([39](#Equ39){ref-type=""})--([43](#Equ43){ref-type=""}) and an ODE model is the presence of diffusion. Understanding the nature in which the model solution depends on diffusion is therefore of critical importance. To quantify the dependence of the solution on the diffusion parameters $\documentclass[12pt]{minimal}
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### Equilibria of the non-diffusive system {#Sec8}
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A local stability analysis around those equilibria can be rapidly achieved, as for $\documentclass[12pt]{minimal}
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Even though this analysis is conducted on a linearized problem, extensive numerical simulations with different values of the parameters show that the results are realistic. In Fig. [1](#Fig1){ref-type="fig"} we report some illustrative results (obtained by a python in-house solver using the NumPy library), probing the asymptotic behavior under different values of the parameters. We tested the case $\documentclass[12pt]{minimal}
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#### Remark {#FPar1}

If one assumes that the diffusivities are constant and all equal, Eq. ([50](#Equ50){ref-type=""}) reduces further to:The above suggests that one may interpret the global behavior of the system as a nonlinear continuity equation for *n* transported over the convective field $\documentclass[12pt]{minimal}
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The ODE version of the COVID-19 model reads:Here, we denote the time derivatives with dots, as we now consider the derivative of a function of a single variable, rather than partial derivatives as done previously in this work. For simplicity, we are not considering non-COVID19 deaths, new births, and the Allee term (hence, $\documentclass[12pt]{minimal}
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We proceed using the *next-generation matrix* procedure outlined in \[[@CR25]\]. This approach considers all compartments regarded as 'diseased' in a given model. 'Diseased' in this context means groups capable of transmitting the infection to others. The terms in the model corresponding to new diseased cases are grouped into a matrix $\documentclass[12pt]{minimal}
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In our model, there are two compartments that we consider 'diseased': the *exposed* and the *infected* compartments. Thus, we consider the equation:$$\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varvec{N}$$\end{document}$ is the matrix containing the new appearances of diseased patients into any compartment, and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \begin{document}$$\varvec{V}$$\end{document}$ as:A simple computation shows:which in turn yields:Hence,Applied directly to the ODE model Eqs. ([60](#Equ60){ref-type=""})--([64](#Equ64){ref-type=""}), the above Eq. ([69](#Equ69){ref-type=""}) will provide an indication of viral growth rate, as intended. However, given that Eq. ([69](#Equ69){ref-type=""}) does not account for the diffusion present in Eqs. ([39](#Equ39){ref-type=""})--([43](#Equ43){ref-type=""}), its effectiveness as an indicator of viral reproduction for the PDE model is unclear and will be examined during the numerical simulations.

Numerical simulations {#Sec11}
=====================

In this section, we present two numerical simulation studies of the COVID-19 model in 1D and 2D, respectively, to examine the behavior of the model in Eqs. ([39](#Equ39){ref-type=""})--([43](#Equ43){ref-type=""}) in detail.

1D simulation study {#Sec12}
-------------------

In this section, we perform a series of simulations using a one-dimensional version of the model in Eqs. ([39](#Equ39){ref-type=""})--([43](#Equ43){ref-type=""}). We aim at examining the impact of various numerical solution techniques. In particular, we analyze the spatial and temporal convergence of the computed solutions over various discretization schemes. We also examine the model dynamics more generally and evaluate the efficacy of the $\documentclass[12pt]{minimal}
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### Problem setup {#Sec13}
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Figure [2](#Fig2){ref-type="fig"} shows these initial conditions. We further set $\documentclass[12pt]{minimal}
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Additionally, to assess mesh and time integration convergence, we will analyze the total infected population *I*(*t*), defined previously as Eq. ([56](#Equ56){ref-type=""}), and the analogously-defined total deceased population *D*(*t*). We will also study the time evolution of the total susceptible population *S*(*t*), the total exposed population *E*(*t*) and the total recovered population *R*(*t*), all defined analogously to *I*(*t*).

### Numerical methods {#Sec14}

We use linear finite elements to discretize the spatial domain and we integrate in time using either a second-order implicit (BDF2) or first-order implicit Backward Euler scheme. Each time step is solved fully implicitly using a Picard linearization. All linear systems are solved using GMRES with a Jacobi preconditioner. We employ mass-lumping on all reaction terms.

### Mesh convergence {#Sec15}

In this analysis, we compare numerical solutions computed on successively refined uniform grids with mesh size $\documentclass[12pt]{minimal}
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Figure [3](#Fig3){ref-type="fig"}a--e show plots of the total populations *S*(*t*), *E*(*t*), *I*(*t*), *R*(*t*), and *D*(*t*) for all the mesh sizes considered in this study. Additionally, Figs. [4](#Fig4){ref-type="fig"}, [5](#Fig5){ref-type="fig"}, and [6](#Fig6){ref-type="fig"} respectively present plots of *s*(*x*, *t*), *i*(*x*, *t*) and *d*(*x*, *t*) for the different spatial resolutions. Qualitatively, these plots confirm the existence of mesh convergence, as the difference in the plotted variables progressively reduces as we refine the mesh. Indeed, the change between the results for $\documentclass[12pt]{minimal}
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An interesting phenomenon we observe is that the largest source of error does *not* seem to come from over-diffusion or an underestimation of peaks. In fact, peak quantities are predicted similarly across schemes with only slight variation; instead, *dispersion error*, in which the primary source of error is not the magnitude but instead the *phase* of the solution, seems the largest problem here. This is particularly apparent looking at Fig. [3](#Fig3){ref-type="fig"}, where the cases of $\documentclass[12pt]{minimal}
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### Temporal convergence {#Sec16}

In this analysis, we examine the impact of time integration and time-step size $\documentclass[12pt]{minimal}
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                \begin{document}$$\Delta t$$\end{document}$, these quantities slightly vary for the Backward Euler scheme, while the changes are negligible for the BDF2 schemes. Additionally, we plot the time evolution of the total population in each model compartment in Fig. [7](#Fig7){ref-type="fig"} for all time steps considered in this analysis and for both time integration algorithms. These plots also show that the results for the Backward Euler method exhibit small but perceptible difference, while the solutions obtained with the BDF2 scheme are virtually the same for all time steps.

We also define relevant error quantities for a compartment *c* using a related but distinct notation to Eq. ([72](#Equ72){ref-type=""}). Some adjustments must be made owing to the fact that we now consider not only one point of comparison as before (the spatial resolution resolution in the case of Eq. ([72](#Equ72){ref-type=""})) but two (both time step size and time integration scheme). For a compartment *c*, this quantity reads:$$\documentclass[12pt]{minimal}
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### Model dynamics {#Sec17}

This analysis focuses on the general model behavior, which we examine in a simulation using the BDF2 scheme with $\documentclass[12pt]{minimal}
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In Fig. [10](#Fig10){ref-type="fig"}, we compare $\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$R_0$$\end{document}$ still predicts model behavior reasonably well, with the point where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$R_0<1$$\end{document}$ corresponding almost exactly with the decrease in new exposures. This is further corroborated by the results depicted in Fig. [9](#Fig9){ref-type="fig"}, where the regions where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$R_0<1$$\end{document}$ at $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \begin{document}$$R_0$$\end{document}$ given by ([69](#Equ69){ref-type=""}) to be a reliable predictor of the viral behavior for this 1D simulation scenario.

The model dynamics shown in the 1D simulation in Fig. [9](#Fig9){ref-type="fig"} is similar to that shown for Lombardy in \[[@CR22]\] and in the following section. Indeed, for sustained spread of the disease, a certain level of population density is required. Although the disease contagion will diffuse through low-density regions, the growth in those areas tends to be small. Though there have been some notable exceptions, this behavior pattern is similar to what has been observed worldwide, where low population-density regions have largely avoided the catastrophic contagion found in high-density areas \[[@CR26]\] .

2D simulation study {#Sec18}
-------------------

The primary difference between the PDE version and the ODE version of the COVID-19 model lies in the influence of the diffusive term. The impact of diffusion on disease spread is *a priori* difficult to quantify. Increased diffusion leads to a faster and wider dispersion of the virus. However, it also has regularizing effects and may reduce peaks in general. Therefore, exploring such dynamics in detail is important for a full understanding of the model.

In this section, we examine the role of diffusion using the Italian region of Lombardy as our test geometry, using both qualitative analysis and the formally derived sensitivity equation shown in Eq. ([45](#Equ45){ref-type=""}). The problem configuration is identical to the one given in \[[@CR22]\] for the simulation scenario labelled 'Global Reopening B'. This simulation is intended to model the spread of the COVID-19 epidemic in Lombardy, beginning on February 27, accounting for various governmental restrictions and relaxations as they occur. We report the relevant parameter values in Table [4](#Tab4){ref-type="table"}. Good agreement between the presented simulation setup and measured data was shown in \[[@CR22]\], and we refer the reader to \[[@CR22]\] for a detailed comparison of simulated and measured data. The problem was solved using linear finite elements on an unstructured triangular mesh. The time integration was performed with a Backward Euler scheme, with a Picard-type linearization used to solve the nonlinear system at each time step. All linear systems were solved with GMRES using a Jacobi preconditioner.

In addition to the simulation shown in \[[@CR22]\], we now examine two additional cases: one in which the values of $\documentclass[12pt]{minimal}
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Figures [11](#Fig11){ref-type="fig"} and [12](#Fig12){ref-type="fig"} show the spatial distribution of infected individuals at *t*=14 and *t*=30 days, respectively. We see that larger diffusion leads to a wider geographic range of affected areas. This is particularly noticeable in the southeastern clusters in Fig. [11](#Fig11){ref-type="fig"}. There, the double-diffusion case produces a homogeneous, continuous region of infection. In contrast, the half-diffusion case shows more localized dynamics, and a clear separation into distinct regions. This separation is maintained in Fig. [12](#Fig12){ref-type="fig"} at *t*=30 days, whereas the baseline and double-diffusion cases predict a single, larger area of infection. The simulation case in which $\documentclass[12pt]{minimal}
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Fig. 11Spatial distribution of the infected population at $\documentclass[12pt]{minimal}
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In Fig. [13](#Fig13){ref-type="fig"}, we plot the time evolution of the total active infections *I*(*t*) throughout the entire region of Lombardy. Both the baseline and half-diffusion simulations show a distinct long-term growth trend that is not observed in the double-diffusion case. While it is tempting to say that increased diffusion leads to reduced outbreak severity, the reality is more complex. Indeed, the case in which $\documentclass[12pt]{minimal}
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                \begin{document}$${\overline{\nu }}_i$$\end{document}$ are doubled shows a higher peak and slightly faster growth when compared to the baseline simulation, although the long-term growth more closely resembles the baseline than either the double-diffusion and half-diffusion cases. This makes intuitive sense, as the low diffusion among the susceptible population leads to higher population densities and more contagion, while increasing diffusivity among the exposed and infected compartments accelerates the speed and area of propagation. As discussed in \[[@CR22]\], the spatial pattern predicted by the heterogeneous diffusion shows generally good agreement with reality; however, nonlocal transmission is not possible using the model given by Eqs. [39](#Equ39){ref-type=""}-[43](#Equ43){ref-type=""} and the addition of nonlocal operators, such as fractional diffusion operators \[[@CR27]\], is an area for future development.
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Conclusions {#Sec19}
===========

In this work, we introduced a new notational framework for understanding reaction--diffusion compartmental models by interpreting them as balance equations similar to those found in continuum mechanics. We first used this system to derive and explain a simple two-compartment Lotka--Volterra model as a simple example. We then examined a more complex compartmental system: the model of COVID-19 spatiotemporal contagion dynamics introduced in \[[@CR22]\]. We showed that this model may be regarded as a sort of conservation law, further justifying the continuum-mechanics type interpretation.

We proceeded to formally derive the model's sensitivity to diffusion, describe its growth and decay, and establish its stability in the $\documentclass[12pt]{minimal}
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                \begin{document}$$R_0$$\end{document}$ is not consistently reliable as applied to the PDE model, as it worked well for the 1D simulations but did not for the corresponding 2D simulations.

For future work on the COVID-19 model, we would like to extend the diffusion to model the effects of geographic features like roads, rivers, and mountains. We would also like to examine the effectiveness of the model over larger geometries and longer time intervals against measured data. To render the model more effective to decision-makers, incorporating an age-structured population is important for accurately evaluating aspects such as hospitalizations and mortality. The model may also be extended to account for the effects of vaccination on adults, by introducing movement between the susceptible and recovered population \[[@CR1]\]. More generally, we would like to apply the continuum mechanics framework shown here to a larger class of compartmental models. In particular, in the field of mathematical epidemiology alone, there are many variants of the SIR-models shown here. For instance, the framework established in the present work may be used for *susceptible-infected-susceptible* models (such as those used for the common cold), or *Maternal-Susceptible-Exposed-Infected-Recovered* models in which immunity is inherited from the mother \[[@CR1], [@CR5], [@CR20]\].

There is nothing special or physical about the choice of species. Unfortunately, as 'predator' and 'prey' both begin with the same letter, a generic notation would be, in the author's opinion, more arbitrary and confusing.

Note: For the discussed model, we have two compartments in two dimensions, giving $\documentclass[12pt]{minimal}
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